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Preface

“For another hundred years, School will teach children ‘to do’ rather than ‘to think™
observed Bertrand Russell. This statement is still seen to be true without being even
remotely contradicted.

NCF 2005 (National Curriculum Framework) provides a vision for perspective
planning ofschool education in scholastic and non-scholastic domains. It also em-
phasizes on ‘mathematisation’ of the child’s thought and processes by recognizing
mathematics as an integral part of development of the human potential. The higher aim
of teaching mathematics is to enhance the ability to visualize, logically understand,
build arguments, prove statements and in a sense, handle abstraction. For motivated
and talented students, there is a need to widen the horizon as these students love chal-
lenges and always look beyond the curriculum at school.

Hence, we created this book to cater to the needs of these students. With numerous
problems designed to develop thinking and reasoning, the book contains statements,
definitions, postulates, formulae, theorems, axioms, and propositions, which normally
do not appear in school textbooks. These are spelt out and interpreted to improve the
student’s conceptual knowledge.

The book also presents ‘non-routine problems’ and detailed, step-by-step solutions
to these problems to enable the reader to acquire a better understanding of the concepts
as well as to develop analytical and reasoning (logical) abilities. Thus, readers get the
‘feel’ of problem-solving as an activity which, in turn, reveals the innate pleasure of
successfully solving a challenging problem. This ‘pleasure’ is permanent and helps
to build-in them a positive attitude towards the subject. Developing ability for criti-
cal analysis and problem solving is an essential requirement if one wants to become
successful in life.

No one has yet discovered a way of learning mathematics better than, by solving
problems in the subject. This book helps students to face competitive examinations
such as the Olympiads (RMO, INMO, IMO), KVPY and IIT-JEE confidently without
being befuddled by the intricacies of the subject. It has been designed to enable students
and all lovers of mathematics to master the subject at their own pace.

We have made efforts to provide solutions along with the problems in an error-free
and unambiguous manner as far as possible. However, if any error is detected by the
reader, it may please be brought to our notice, so that we may make necessary correc-
tions in the future editions of the book. We look forward to your suggestions and shall
be grateful for them.

Lastly, we share the observation made by Pundit Jawaharlal Nehru: “Giving
opportunity to potential creativity is a matter of life and death for an enlightened
society because the contributions of a few creative individuals are the mankind’s
ultimate capital asset.”

We wish best of luck at all times to all those using this book.

Vikash Tiwari
V. Seshan
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Niccolo Fontana Tartaglia

(1499/1500-13 Dec 1557) Tartaglia was an Italian mathematician.The name “Tartaglia” is actually a nickname meaning “stammerer”,
c h a pter a reference to his injury-induced speech impediment. He was largely self-taught, and was the first person to translate Euclid’s

Elements into a modern European language. He is best remembered for his contributions to algebra, namely his discovery of a

formula for the solutions to a cubic equation. Such a formula was also found by Gerolamo Cardano at roughly the same time, and
the modern formula is known as the Cardano-Tartaglia formula. Cardano also found a solution to the general quartic equation.

Evariste Galois

(25 Oct 181 1-31 May 1832) Galois was a very gifted young French mathematician, and his story is one of the most tragic in the his-
tory of mathematics. He was killed at the age of 20 in a duel that is still veiled in mystery. Before that, he made huge contributions
to abstract algebra. He helped to found group theory as we know it today, and he was the first to use the term “group”. Perhaps
most importantly, he proved that it is impossible to solve a fifth-degree polynomial (or a polynomial of any higher degree) using
radicals by studying permutation groups associated to polynomials. This area of algebra is still important today, and it is known as
Galois theory in his honor.

Niels Henrik Abel

(5 Aug 1802—6 Apr 1829) Abel was a Norwegian mathematician who, like Galois, did seminal work in algebra before dying at a
very young age. Strangely enough, he proved similar results regarding the insolvability of the quintic independently from Galois. In
honor of his work in group theory, abelian groups are named after him.The Abel Prize in mathematics, sometimes thought of as
the “Nobel Prize in Mathematics,” is also named for him.

Joseph-Louis Lagrange
(25 Jan 1736—10 Apr 1813) Despite his French-sounding name, Lagrange was an Italian mathematician. Like many of the great
mathematicians of his time, he made contributions to many different areas of mathematics. In particular, he did some early work

Polynomials

1. PoLyNoMiAL FUNCTIONS

Any function, f(x) = a,x" +a, x"' +--- +ax+ay,is a polynomial function in ‘x’ where
a(i=0,1,2,3,...,n)is a constant which belongs to the set of real numbers and some-
times to the set of complex numbers, and the indices, n, n — 1, ..., 1 are natural numbers.
If a, # 0, then we can say that f(x) is a polynomial of degree n. a,, is called leading coef-
ficient of the polynomial. If ¢, = 1, then polynomial is called monic polynomial. Here,
if n =0, then f(x) = q, is a constant polynomial. Its degree is 0, if a, # 0. If g, = 0, the
polynomial is called zero polynomial. Its degree is defined as —eo to preserve the first
two properties listed below. Some people prefer not to defined degree of zero polyno-
mial. The domain and range of the function are the set of real numbers and complex
numbers, respectively. Sometimes, we take the domain also to be complex numbers. If z
is a complex number and f(z) = 0, then z is called ‘a zero of the polynomial’.

If f{x) is a polynomial of degree n and g(x) is a polynomial of degree m then
1. fix) £ g(x) is polynomial of degree < max {n, m}
2. fix) - g(x) is polynomial of degree m + n
3. flg(x)) is polynomial of degree m - n, where g(x) is a non-constant polynomial.

lllustrations

1 X=X +x*-2x+1isa polynomial of degree 4 and 1 is a zero of the polynomial as
P-P+1P-2x1+1=0.
2. i’ +ix+1=0is a polynomial of degree 3 and i is a zero of his polynomial
asi—i-F+i-itl=—i+i—1+1=0.
3. x? —(\/g - \/E)x —J6isa polynomial of degree 2 and 3 is a zero of this poly-
nomial as (\/5)2 - (\/g—\/i)\/g—\/g =3-3+/6 -6 =0.
Note: The above-mentioned definition and examples refer to polynomial functions in
one variable. Similarly, polynomials in 2, 3, ..., n variables can be defined. The domain
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for polynomial in n variables being the set of (ordered) n tuples of complex numbers
and the range is the set of complex numbers.

lllustration f(x,y,z)= X - Xy +z+ 5 is a polynomial in x, y, z of degree 2 as both X
and xy have degree 2 each.

Lo . . k, k k
Note: Inapolynomial in n variables, say, x|, X,,..., X,, a general termis x;" - x,* ---x,".

Degree of the term is k; + k, + --- + k, where k; eNy, i =1, 2, ..., n. The degree of a
polynomial in » variables is the maximum of the degrees of its terms.

1.2 DivisioN IN POLYNOMIALS

If P(x) and ¢(x) (¢(x) % 0) are any two polynomials, then we can find unique polynomi-
als O(x) and R(x), such that P(x) = @(x) X Q(x) + R(x) where the degree of R(x) < degree
of ¢(x) or R(x) = 0. O(x) is called the quotient and R(x), the remainder.

In particular, if P(x) is a polynomial with complex coefficients, and a is a complex
number, then there exists a polynomial O(x) of degree 1 less than P(x) and a complex
number R, such that P(x) = (x — @)O(x) + R.

lllustration x° = (x— a)(x4 va +axP v + a*) + a.
Here, P(x)=x", O(x) = e+ axd + A+ P + d
and R=d’.

Example | What is the remainder when x + X+ 12 +xY + X8 is divided by X —x

Solution: We have,

x4+ 20+ xS = (1 2 P50

=x[6 - D+eF - D+ =D+ -1)+5]

=x(x80 - 1)+x (x48 -1) +)c(x24 -1) +x()c8 —1)+5x
Now, x* —x = x()c2 — 1) and all, but the last term 5x is divisible by x(x2 —1). Thus, the
remainder is 5x.

Example 2 Prove that the polynomial x*°%° +x8388+x7777 ... 4 X1 41 s divisible

byx’ +x8+x7 4+ x+1.
Solution: Let,
P = 9999 4 8888 | 17777 4 4 (1111 4|
O=x+x3+x"+-+x+1
P—Q :x9(x9990 _1)+x8(x8880 _1) + x7(x7770 _1)+“.+x(x1110 _1)
= xI[(x19)%99 — 1]+ xB[(x10)888 —1] + X777 =14+ x[(x )M 1] (1)
But, (x'%)" — 1 is divisible by x'* — 1 forall n > 1.
RHS of Eq. (1) divisible by x'* - 1.
P — Qs divisible by x'* — 1
AsX+x5 4 kx4 1= 1)

= P+ 4+ +x+1[(P-0)
= Y+ +x"+ - +x+1|P
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1.3 REMAINDER THEOREM AND FACTOR THEOREM

1.3.1 Remainder Theorem
If a polynomial f{(x) is divided by (x — a), then the remainder is equal to f(a).

Proof:
Jx)=(x-a)0(x) +R
and so, f@=(@—a)Q(a)+R=R.
If R =0, then f(x) = (x — @)Q(x) and hence, (x — @) is a factor of f(x).
Further, f(a) = 0, and thus, « is a zero of the polynomial f(x). This leads to the fac-
tor theorem.

1.3.2 Factor Theorem
(x — a) is a factor of polynomial f(x), if and only if, f(a) = 0.

Example 3 Iff(x) is a polynomial with integral coefficients and, suppose that f(1) and
f(2) both are odd, then prove that there exists no integer n for which f(n) = 0.

Solution: Let us assume the contrary. So, f(n) = 0 for some integer .

Then, (x — n) divides f(x).

Therefore, f(x) = (x — n)g(x)

where g(x) is again a polynomial with integral coefficients.

Now, f(1) = (1 — n) g(1) and f(2) = (2 — n) g(2) are odd numbers but one of (1 — n)
and (2 — n) should be even as they are consecutive integers.

Thus one of f(1) and f(2) should be even, which is a contradiction. Hence, the result.

Aliter: See the Example (41) on page 6.24 in Number Theory chapter.

Example 4 [ffis a polynomial with integer coefficients such that there exists four dis-
tinct integer a,, a,, ay and a, with f(a,) = f(a,) = f(a3) = f(a,) = 1991, show that there
exists no integer b, such that f(b) = 1993.

Solution: Suppose, there exists an integer b, such that f(b) = 1993, let g(x) = f(x) —
1991.
Now, g is a polynomial with integer coefficients and g(a,)=0fori=1,2, 3, 4.
Thus (x — a;)(x — a,)(x — a;) and (x — a,) are all factors of g(x).
S0, g(x) = (x = a)(x — ay)(x = a3)(x — ay) X h(x)
where /A(x) is polynomial with integer coefficients.
g(b)=f(b) - 1991
=1993 — 1991 =2 (by our choice of b)
But, g(b) = (b —a,)(b — ay)(b —as;)(b—a,) h(b)=2
Thus, (b —a,)(b — a,)(b — a;)(b — a,) are all divisors of 2 and are distinct.
(b—a)(b—ay(b—a)(b-a,)are 1, -1, 2, -2 in some order, and i(b) is an
integer.
g(b)=4-h(b) #2.
Hence, such b does not exist.

1.4 FuNDAMENTAL THEOREM OF ALGEBRA

Every polynomial function of degree > 1 has at least one zero in the complex numbers.
In other words, if we have

13
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f(x)=a,x" +a, (x"'+--+ax+a,
with n > 1, then there exists atleast one 4 € C, such that
a,h" +a, BN+ +ah+ay =0.

From this, it is easy to deduce that a polynomial function of degree ‘n’ has exactly n
zeroes.

ie,flx)=alx—r)x—-ry...(x—r,)
Notes:

1. Some of the zeroes of a polynomial may repeat.
2. Ifaroot o is repeated m times, then m is called multiplicity of the root ‘o’ or ¢ is
called m fold root.

3. The real numbers of the form \/5’ \/g, \/ﬁ, \/E, . \/§+\/§, etc. are called,
‘quadratic surds’. In general, \/; s \/E ,and \/; + \/E , etc. are quadratic surds, if a,

b are not perfect squares. In a polynomial with integral coefficients (or rational
coefficients), if one of the zeroes is a quadratic surd, then it has the conjugate of
the quadratic surd also as a zero.

lllustration f(x)= P +2x+1= (x+ 1)2 and the zeroes of f(x) are —1 and —1. Here,
it can be said that f(x) has a zero —1 with multiplicity two.

Similarly, f(x) = (x + 2)3(x — 1) has zeroes =2, -2, -2, 1, i.e., the zeroes of f(x) are
=2 with multiplicity 3 and 1.

Example 5 Find the polynomial function of lowest degree with integral coefficients

with\5 as one of its zeroes.

Solution: Since the order of the surd /5 is 2, you may expect that the polynomial of
the lowest degree to be a polynomial of degree 2.

Let, P(x)= ax’* +bx+c,a,b,ceQ
P(S)=5a+/5b+c=0 = (Sa+c)+~/5b=0

But, \/g is irrational.

So,
S5a+c=0 and b=0

= c¢=-5a and b=0.
So, the required polynomial function is P(x) = ax’ — 5a, a € Z\{0}
You can find the other zero of this polynomial to be /5.

Aliter: You know that any polynomial function having, say, n zeroes ¢, o, ..., O,
can be written as P(x) = (x — a;))(x — o) --- (x — ¢t,) and clearly, this function is of nth
degree. Here, the coefficients may be rational, real or complex depending upon the

Zeroes oy, O, ..., O,

ne

If the zero of a polynomial is J5 ,then Py(x) = (x — J5 ) ora(x — J5 ).
But, we want a polynomial with rational coefficients.
So, here we multiply (x — \/g) by the conjugate of x — J5 ,Le,x+ Js. Thus, we

get the polynomial P(x) = (x — J5) (x+ \/5), where the other zero of P(x)is —/5.



Now, P,(x) = x> — 5, with coefficient of x* = 1, x = 0 and constant term —5, and all
these coefficients are rational numbers.

Now, we can write the required polynomial as P(x) = ax” — 5a where a is a non-zero
integer.
Example 6 Obtain a polynomial of lowest degree with integral coefficient, whose one
of the zeroes is<5 + V2.
Solution: Let, P(x)=x— (/5 +2) =[(x=v5)=+/2].

Now, following the method used in the previous example, using the conjugate, we

get:
P\) = [(x=5)=V2][(x =/5)++2]
= -2/5x+5)-2
= (x2 +3- 2\/§x)
Py(x) = [(x? +3) = 24/5x][(x? +3) + 24/5x]
= (> +3)* - 20x°
=x" 4+ 6x% + 9 - 20x
=x'—14x* + 9
P(x) = ax*~ 14ax* + 9a, where a € Z, a #0.
The other zeroes of this polynomial are J5-2 ,—\/g +2 ) 5.

1.4.1 Identity Theorem

A polynomials f{x) of degree n is identically zero if it vanishes for atleast n + 1 distinct
values of ‘x’.

Proof: Let o, oy, ... o, be n distinct values of x at which f{x) becomes zero.

Then we have

)= alx —x)(x —xy)....(x ~ x,)

Let a,,, be the n+1" value of x at which f{x) vanishes. Then
f(anﬂ) = a(an+l - al)(anﬂ - 052). . ‘(an+l - an) =0
As a,,, is different from ¢, o, ... oy, none of the number o, — ¢ vanishes for i =

1,2,3,...n.Hencea=0= f{x) = 0.

Using above result we can say that,

If two polynomials f{x) and g(x) of degree m, n respectively with m < n have equal
values at n + 1 distinct values of x, then they must be equal.

Proof: Let P(x) = f{x) — g(x), now degree of P(x) is at most ‘n’ and it vanishes for at
least n + 1 distinct values of x = P(x) = 0 = f(x) = g(x).

Corollary: The only periodic polynomial function is constant function.

i.e., if f{x) is polynomials with f(x + 7) = fix) V x € R for some constant 7 then f{x) =
constant = ¢ (say)

Proof: Let f{0)=c

=>A0)=A")=2T)=...=c

= Polynomial f{x) and constant polynomial g(x) = ¢ take same values at an infinite
number of points. Hence they must be identical.

Polynomials

1.5
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Example 7 Let P(x) be a polynomial such that x - P(x — 1) = (x —4) P(x) V x e R.

Find all such P(x).
Solution: Putx =0, 0 =—4 P(0)
= P0)=0
Putx=1,1-P(0)=-3 P(1)
=P(1)=0
Putx=2,2-P(1)=-2 P(2)
= P2)=0
Putx=3,3: P(2)=-P(3)
=P3)=0

Let us assume P(x) =x(x — 1) (x — 2) (x — 3) O(x), where O(x) is some polynomial.
Now using given relation we have
x(x =D(x =2)(x =3)(x =) O(x =1) = x(x =D)(x = 2)(x = 3)(x = HO(x)
= 0O(x-1)=0(x) VxeR-{0,1,2,3,4}
O(x-1)=0(x) VxeR (From identity theorem)
Q(x) is periodic
Ox)=c
P(x)=cx(x—1D(x—-2)(x-3)

ud Ul

Example 8 Let P(x) be a monic cubic equation such that P(1) =1, P(2) =2, P(3) =3,
then find P(4).

Solution: as P(x) is a monic, coefficient of highest degree will be ‘1°.
Let O(x) = P(x) — x, where Q(x) is also monic cubic polynomial.

0N =PM)-1=0;0(2)=P(2)-2=0;03)=P(3)-3=0
= 0 =(x-D(x-2)(x-3)

= Px)=0(x)+x=(x-D(x-2)(x-3)+x

= Px)=4-1)(4-2)(4-3)+4=10

Build-up Your Understanding 1

1. Find a fourth degree equation with rational coefficients, one of whose roots is,
V3447

2. Find a polynomial equation of the lowest degree with rational coefficients whose
one root is V2 +33/4.

3. Form the equation of the lowest degree with rational coefficients which has

2++/3 and 3++/2 as two of its roots.

4. Show that (x — 1)2 is a factor of X" —nx +n— 1.

5. Ifa, b, c, d, e are all zeroes of the polynomial (6x5 +5xt A 3%+ 2 + 1), find
the value of (1 +a) (1 +b) (1 +¢) (1 +d) (1 +e).

6. If 1, oy, iy, ..., 0, be the roots of the equation x"— 1 =0, n €N, n > 2 show that
n=(1-0p) (1= op)(1 - ) .. (1= 0, )).

7. If a, B, v, 0 be the roots of the equation <+ px3 + qx2 + rx + s =0, show that

A+ U+ U+ (1 +8H)=(1—qg+s)’+(@p-r




8. Iffix)= Hrad+b+ex+disa polynomial such that f{1) =10, f{2) =20, f(3)
= 30, find the value of /02 +/(=8) [CMO, 1984]
10
9. The polynomial x** + 1 + (x + 1)** is not divisible by x* + x + 1. Find the value
ofke N.
10. Find all polynomials P(x) with real coefficients such that
(x — 8)P(2x) = 8(x — 1)P(x).

11. Let (x — 1)* divides (p(x) + 1) and (x + 1)° divides (p(x)—1). Find the polynomial
p(x) of degree 5.

1.5 PoLyNoMiAL EQUATIONS

Let, P(x) = ax"+a, | X" +---+ax+ay a,#0,n> 1 be a polynomial function.

Then, P(x) = a,x" +a, ;x" ' +---+ax+a, =0 is called a polynomial equation in
x of degree n. Thus,

1. Every polynomial equation of degree » has » roots counting repetition.
2. fax"+a, X'+ +ax+a,=0 (1)

a,#0and a;, (i=0,1,2,3,..., n) are all real numbers and if, o + if3 is a zero of (1),
then o — if3 is also a root. For real polynomial, complex roots occur in conjugate pairs.

However, if the coefficients of Eq. (1) are complex numbers, it is not necessary that
the roots occur in conjugate pairs.

Example 9 Form a polynomial equation of the lowest degree with 3 + 2i and 2 + 3i as
two of its roots, with rational coefficients.

Solution: Since, 3 + 2i and 2 + 3i are roots of polynomial equation with rational coef-
ficients, 3 — 2/ and 2 — 3i are also the roots of the polynomial equation. Thus, we have
identified four roots so that there are 2 pairs of roots and their conjugates. So, the low-
est degree of the polynomial equation should be 4. The polynomial equation should be

P(x)=a [x— (3 —2i)]x— G +2)]x— Q2 +3i)] [x—(2-3i)]=0
al(x=37+4][(x-2)*+9]=0

a((x=3P%(x =2 +9(x -3 +4(x-2)>+36)=0

a((0* =5x+6)° + 9% — 6x + 9) + 4(x* —4x +4) +36) =0
a(x* = 10x° +50x* — 130x + 169) = 0, a €Ql{0}

tuul

1.5.1 Rational Root Theorem
An important theorem regarding the rational roots of polynomial equations:
If the rational number £, where p,qgeZ, q#0, gcd(p,q) =1, i.e., p and g are
relatively prime, is a root ofqthe equation
ax"+a, X" '+ tax+a,=0

where a, a,, a,,..., a, are integers and a,, # 0, then p is a divisor of a, and ¢ that of a,,.

Proof: Since P is a root, we have
q

Polynomials
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n n—1
an(£j +an_1[£j +---+a1£+a0:O
q q q

= a4, p"+a, qp" "+ ag" p+agg" =0 )

= a,p" " va, ,pt gt a g pragg T = — anf @

Since the coefficients a,,_;, a,_,,..., a, and p, q are all integers, hence the left-hand side
is an integer, so the right- hand side is also an integer. But, p and ¢ are relatively prime
to each other, therefore g should divide a,,.

Again,

a,p" +a, 1gp" "+ +aq" p = apq”

n
= a,p" ' +ta,qp"t+ -+ aq" ! = D (3)
= plag

As a consequence of the above theorem, we have the following corollary.

1.5.2 Corollary (Integer Root Theorem)

Every rational root of x” +a,_;x"~' +---+ ay;0 <i <n—1 is an integer, where a,(i =0,

1,2,...,n—1)is an integer, and each of these roots is a divisor of a,.

Example 10 Find the roots of the equation x4 X — 1947 — 49x - 30, given that the
roots are all rational numbers.

Solution: Since all the roots are rational by the above corollary, they are the divisors
of -30.
The divisors of =30 are £1, £2, £3, £5, £6, £10, £15, £30.
By applying the remainder theorem, we find that —1, —2, =3, and 5 are the roots.
Hence, the roots are —1, -2, =3 and +5.

Example || Find the rational roots 0_]’2x3 —3 = 1lx+6=0.

Solution: Let the roots be of the form E, where (p, ¢)=1 and ¢ > 0.
q

Then, since ¢/2, ¢ must be 1 or 2

andp|6 = p==1,+2, 43 16
By applying the remainder theorem,

1 -2 3
—|=fl—1|=f|=|=0.
1O
(Correspondingtog=2andp=1;q9g=1,p=-2;9=1, p=3, respectively.)

So, the three roots of the equation are %, —2, and 3.



Example 12 Solve: X =3x*+5x-15=0.
Solution: x’ —3x* +5x—15=0 = (*+5)(x-3)=0
= x=%+5i,3.

So the solution are 3, \/gi,—x/gi.

Example 13 Show that f(x) = x'7%° — x°%

% 4+ %' 4 x + 1 =0 has no rational roots.

Polynomials

Solution: If there exists a rational root, let it be £ where (»,q)=1,qg#0.Then, g
q

should divide the coefficient of the leading term and p should divide the constant term.

Thus, ¢|1 = g¢g==%1,
And p|l = p==I

Thus, P _4
q
If the root P _ 1,
q

Then, f(1)=1-1+1+1+1=3=%0,
so, 1 is not a root.
ir 2 -,
q
Then, f(-1)=1-1+1-1+1=1=0
And hence, (—1) is not a root.
Thus, there exists no rational roots for the given polynomial.

1.6 VIETA’Ss RELATIONS

If oy, 0, 0, ..., o, are the roots of the polynomial equation

n—2

ax,+a, X" va, X"+ +ay=0 (a,#0),

a,_ a,_
then, Zai:— nl, Z Qo= n2

1<i<n An  1<icj<n ay
a,_3 . il
> oo =2 g a, = (1) R
I<i<j<k<n ay an
If we represent the sum Yo, Zocl-o_c]-, e Za,-o_t/-... o, respectively, as o), G,, 03, ...
(Read it ‘sigma 1°, ‘sigma 2’, etc.)
a,_ a,_
then, oy =——L 5, =12,
a

n

o, =(-ly &= o, =(-1y L

These relations are known as Vieta’s relations.

Francois Viete

1540-23 Feb 1603
Nationality: French

Let us consider the following quadratic, cubic and biquadratic equations and see how

we can relate ¢,,0,,03,..., with the coefficients.
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